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Chap29: Type Operatorsand Kinding

Type-Level Functions
Kinding
Aw
The Essence of A



We Have Studied ...

PRINCIPLE

The uses of type systems go far beyond their role in detecting errors.
® Type systems offer crucial support for programming: abstraction, safety, efficiency, ...
® language design shall go hand-in-hand with type-system design.

’ System F: Polymorphism }(—{ A_.: Simply-Typed Lambda Calculus }—){ Extensions: Tuples, Sums, Lists, ... ‘

N

’ ALL: Recursive Types ‘ A—.: Subtyping

Remark

Effects: References, Exceptions, ... ‘

e Different combinations of features lead to different languages.
® Some combinations turn out to be very tricky!



The Essence of A

PRINCIPLE

e Types characterize terms.
e Building abstractions:

® InA_,,weuseAx:T.ttoabstract terms out of terms.
® |nSystem F, we use AX. t to abstract terms out of types.

® |sitpossible to further characterize types?
® Are these combinations meaningful?

® Abstract types out of types? “AX. T"?
® Abstract types out of terms? “Ax:T. T"?



Characterization of Types

(Bool = VX. X = X — X; Abbreviation
Pair Y Z = VX. (Y=Z=X) = X; Parametric Abbreviation

® Pairis like a type-level function.
e Similar notionsinclude Array TandRef T.

Abstract Types out of Types!
Pair = AY. AZ. VX. (Y=Z—=X) = X



Type-Level Computation

Introducing abstraction and application at the type level allows writing the same type in different ways.

Example
Id = AX. X
Then, the following types are all equivalent:
Nat — Bool Nat — Id Bool Id Nat — Id Bool
Id Nat — Bool Id (Nat — Bool) Id (Id (Id Nat — Bool))

PROPOSITION

Let us denote the type-level reduction by =.
Then two types S and T are equivalent iff there exists some U such that S =* Uand T =* U.



Kinding



Kinds

Type-level computation brings the issue of writing meaningless type expressions.
(Bool Nat) (Pair Bool Bool Nat) (Pair Pair)

Kinds: “The Types of Types”

characterize types, in the same sense as types characterize terms.
* the kind of proper types (like Bool and Bool —Boo1l)
* = % the kind of type operators (i.e., functions from proper types to proper types)
* = x = % the kind of functions from proper types to type operators (i.e., two-argument operators)
(x = %) = x  the kind of functions from type operators to proper types

Type-Level Functions (AX:K. T)

Pair = AY:* . AZ:z*. VX. (Y=Z—=X) — X



Terms, Types, and Kinds

* * = % * = k% = *
’ mk(ﬁ\ ) S N X

N
~
N

T <

Nat Nat — Nat VX. X=X PairNatBool PairNat AX. X Pair PairPair
AR A “— —

type error
<<

T T

5 Ax:Nat. x (Ax:Nat.x)5 (Ax:Nat.x) true AX. A X x pair [Nat] [Bool] 5 false

e Whatis the difference between ¥X. X — Xand AX. X — X?

® Why doesn’tan arrow type Nat — Nat have an arrow kind like x = *?

Types

Terms



Aw

A_. with Type-Level Functions and Kinding



Syntax

X
Ax:T.t
tt
Ax:T.t
X
AX:K. T
TT
T—>T
%)
Fx:T
[ X:K
K=K

terms:

variable

abstraction
application

values:

abstraction value
types:

type variable
operator abstraction
operator application
type of functions
contexts:

empty context

term variable binding
type variable binding
kinds:

kind of proper types
kind of operators




Evaluation and Typing

Evaluation
t] —t] ty —th

—— E-Apm —— EApP2 E-APPABS

tit, — 4t vith —vit) (?\XIT]].’[]z)Vz — [x — Vz]t]z
Typing
x:TeTl NETyoox Fx:TiFt:T N'-t1:Ti1 =T F'Et: T
—— T-VAR ! ! 2.2 T-ABS ! L 12 2-n T-App
Mex:T Fr'EAxTi Ty =T, NEtyty: T2

'Et:S S=T FETox
N=t:T

T-EQ



Kinding

I'=T:K:“type T haskind Kin context I™”

X:zKeTl INX:KyETy 2Ky
——— KTVAR K-ABs
N'EX:=K I'EAX:Ky. T, = Ky = Ky
=Ty = Kq1 = Kq2 =Ty 2Ky I'ETy oo =T ox
K-App K-ARROW
Ty Ty 2Ky Ty =T ox

Remark
Those rules are very similar to the typing rules of A_.
x:Tel Fx:TiEt: Ty 'Et1:Ty1 — T2 'Ety:Tqq

— T-VAR T-ABs T-App
NEx:T F'EAxT.t2: Ty =T 'Etity:Thio

At the kinding level, the arrow — is like a type operator with two arguments!
We can assign a kind x = x = xto (—) and an arrow type can be thought of as an operator application (—) Ty T>.



Type Equivalence, Definitionally

S = T: “types S and T are definitionally equivalent”

. T=S s S=u u=rT
——— Q-RefL ——— Q-Symm _
TETQ SETQ S=T
S =T
= = Q-ABs

AXIZK] . 52 = 7\XZIK] o Tz

S] = T] SZ = Tz
Q-TRANS Q-ARROW
S] — SZ = T] — Tz

S]ET] SzETZ
S] Sz ET] Tz

Q-Aprp

Q-APPABS

(AX:K11.T12) T2 = X = T2l T2

PROPOSITION
Let us denote the type-level reduction by =.

Then two types S and T are equivalent iff there exists some U such thatS =* Uand T =* U.



Type Equivalence, Computationally

S = T: “type S parallelly reduces to type T”

S1= T SH=T S=T
—— QR-REFL QR-ARROW QR-ABs
T=T S1—2-S=>T -1, AX:K1.S: = AXiKy. T,
S T S T S T S T
1= h 2= I QRAPP 12= h2 2= I QR-APPABS
$159:=2TT, (AX:K11.512) S2 = [X =TTy

Example

def def

LetS = IdNat — Booland T = Id (Nat — Bool). Then

S = ((AXzx. X)Nat) — Bool = Nat — Bool,
T = (AX:x. X) (Nat — Bool) = Nat — Bool,
by rule (QR-APPABS).



The Essence of A



The Essence of A\: Characterization

PRINCIPLE

Types characterize terms. characterize types.

Can we have more than three levels of expressions?

Aside (Pure Type Systems, Part |)

Let S be asetof sorts, e.g., S = {*, O} where
® x represents the sort of all (proper) types and
e [Jrepresents the sort of all kinds.

Let M be a set of axioms, e.g., M = {(& I x : (1)}, meaning “x is a kind for (proper) types.”

One can definitely add more sorts to S and more axioms to M accordingly!



The Essence of A\: Abstraction

PRINCIPLE

® [nA_,,weuseAx:T. ttoabstract terms out of terms.

® InA,, we use AX:K. T to abstract types out of types.

Aside (Pure Type Systems, Part |1)
Let S be asetof sorts, e.g., S = {*, O}. Let M be a set of axioms,e.g, M ={(@ F x : O)}.

LetR C S x S beasetof rules: foreach (s1,s,) € R, we have

TEA:s T'EB:sy I'x:AFb:B M-A~3l B:sy
5 ARROW 5
FTEA~d B:s) FEAXA DA~ B

ABS

FEF:A~gl B lFa:A
I'~Fa:B

App



LetR C S x S beasetof rules: foreach (s7,s2) € R, we have

M'HA:s; I'B:sy Nx:AFb:B MEA~gl Bisy
3 ARROW 3 ABs
TEA~d B:s) FEACA DA~ B
FEF:A~gl B lFa:A
App
'Fa:B

A_.: Abstracting Terms out of Terms

LetR & {(*, *)}. Then ~~¥ represents arrow types —.

I'ETy Ty
means
FI—T1 W:Tz:*
Fx:TikEt: T r|—T1WIT2:*
means
TEAT.t2: Ty ~5 T
FEty: T ~5Tho M'Ety:Tqq
means

FEt1tr:Th2

“if Ty, T, are types, then T; — T, isa type”
the typing rule (T-ABS)

the typing rule (T-App)




LetR C S x S beasetof rules: foreach (s1,s2) € R, we have

MEA:s; N'=B:sy Nx:AFb:B MEA~g Bisy
S ARROW S
FEA~3 Bisy FFAXA.b:A 3 B

FI—F:AWQB l'Fa:A
'Fa:B

App

Aw: Abstracting Types out of Types
LetR d:ef{(*, x), (O,0)}. Then ~* represents arrow types — and w% represents arrow kinds =-.
'EKy:O 'EKy: O
MFKy ~8Ky:0
NX:KiFTp:Ky  THEKy~8K;:0
MEAXK;. T2 Ky ~EH K
TET Ky =8 Kia  TET:Kyy
N'ET T :Kq2

means  “if Ky, K5 are kinds, then Ky = K3 isa kind”

means the typing rule (K-ABS)

means the typing rule (K-App)




The Essence of A\: Abstraction

PRINCIPLE

In System F, we use AX. t to abstract terms out of types.

We can think of AX. t as AX:x. t, i.e., a type abstraction should be applied to a proper type.

The type of AX::x. t then has the form VX:x. T—not an arrow!

VX: x . T can be thought of as a dependent arrow (X:x) = T: the domainisa and the range is a type.
In next chapter, we will see a generalized form VX:K. T, or as a dependent arrow (X:K) = T.

Aside (Pure Type Systems, Part I1])

LetR C S x S beasetof rules: foreach (s7,s2) € R, we have

'EA:s 'EB:sy 'EA:s ''x:AFB:s) b
< ArRrROW  becomes 5 ARROW
TEA~ B:s) I'E (x:A) »g) B:s)

Then (X : %) W*D T represents VX: . T!




I'x:AFb:B MEA~gl Bisy I'x:AFb:B rl—(X:A)Wz;BZSZA

5 ABs  becomes < sP
FEAA DA~ B I'EAxA b (xA) ~g) B
FEF:A~g B FFa:A M'EF:(xA) ~3) B TFa:A
App becomes AppD
'FFa:B 'FFa:[x— alB

System F: Abstracting Terms out of Types

LetR & {(x, %), (O, *)}. Then ~* represents arrow types — and W*D represents universal types V.

FEKi:O  TX:KikFTo:ix
M (X:Ky) 0 Tpox
MX:Kibtr:Ta  TEXK) DT«
M AX:Ky .t 0 (XiKp) ~H T
TEty:(XKyp) ~F T2 TET: Ky
Tt [T : [X = TolTy2

means “if Ky isakindand T, is a type, then VX:K;. T, is a type”

means the typing rule (T-TABS)

means the typing rule (T-TApp)



The Essence of A\: Abstraction

Aside (Pure Type Systems, Part IV)

A_,  abstracttermsoutof terms  {(x, *)}
F  abstracttermsoutof types  {(x, *), (I, *)}
Aw  abstracttypesoutof types  {(x, ), (O, 0)}
Fw F+Ay (nextchapter) {(%, %), (O, %), (0,0}

ES
There are eight variants, each of which is (x, *) plus a subset of {(LJ, *), (OJ, OJ), (, C)}!

What does the rule (x, [J) mean? “Abstracting types out of terms by Ax:T. T?”

FI—T1:* F,x:Tﬂ—KZ:D F,XZT]I—TleZ FF(X:T])WEKzim
ArrOWP

AgsP
' (X:T1) W*D Kz -0 '+ )\X:T1 . TZ : (X:T1) WE KZ

r}——ﬁ:(X:T]])WEK]z r}—tz:THA

ppP
M'E Ty lta2] s x = t2]Kq2




K=« | (xT) ~5 K
To=Nat | AT.T|TH | (xT)~5T
to=zero|succ(t) x| AxT.t|tt

Fx:T7 Ty =K =Ty N-Ty oz (xTyq) ~5 K Ft: T
1 T2 2Ky 15X Vs 12 (xTy1) ~5 Ky 22T s
N'EAxT;. Ty = (X:T1)->*D Ky ' Ty [ta] = [x = t2]Kq2
Fx:TikFt: T Ty o=« FEty: (xTy1) ~5 Ti2 N'Ety:Tqq
T-ABs T-App
I'EAxTy. to: (x:Tq) w: T Net1t: x—= t2]Ty2

Example (Dependent Types)
Consider the type NatList and its two introduction terms nil and cons.
NatList z Nat ~f *
nil :NatlList [zero]
cons : (ruNat) ~% Nat ~»; NatList [n] ~} NatlList [succ(n)]




The Lambda Cube

Aside (Pure Type Systems, Part V)
—_— CC

A, simply-typed lambda-calculus  {(x, )

F  parametric polymorphism {(x, %)
Aw typeoperators {(x, %)
AP dependent types {(%, %),
Fw  higher-order polymorphism {(*, %)
CC calculus of constructions {(*, %)



