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Motivation

Example (Abstract Type file and Its Interface)

type file
val open : string — file option
val read : file — string * file

val append : file * string — file
val write : file * string — file
val close : file — unit

The type abstraction encapsulates the internal representation of a file and its invariants.

Can the type system prevent a file from being read after it has been closed, closed twice, or forgotten to close?



Structural Typing

The type systems we have seen so far in this course are all structural.

Principle (Structural Properties)

Recall that typing contexts can be defined by T := & | T, x : T.
Instead of treating I" as a Function from variables to types, we literally view T'as a list x1 : Ty, ..., Xn : Tn.
Exchange IFTy, %7 : Ty, %2 : o, Ft:T.thenTy,x2 : T, x1 : Ty, o Ht: T
Weakening If Ty, T, Ft: T thenTy,x; : Ty, o Ft:T.
Contraction If M,xp:Ty,x3: Ty, I Ht:T, then M,x1:T, o b [x2 = xqllxz — xq]t: T.

Remark

A structural type system enjoys all three above properties, i.e., typing contexts behave as functions.




Structural Typing

Principle (Structural Properties)

Exchange |Fr1,X1 T, xp i Th, I Ft:T,thenI},xz T, x1 T, Et:T.
Weakening If Ty, T, Ft: T, thenTy,x7 : Ty, o Ft:T.
Contraction |FF1,x2 :Ty,x3: T, 1 Ft:T, then Moxr : T, To B xo = x1llxs = xq]t: T,

A structural type system cannot limit the number or order of uses of a data structure or operation.

A substructural type system is a type system where one or more of the structural properties do net hold.



Substructural Typing

A substructural type system is a type system where one or more of the structural properties do net hold.
That is, a substructural type system allows fine-grained control of variable use.

Type System  Intuition Exchange  Weakening  Contraction
structural no restriction on variable use v v v
affine variables are used at most once v v X
relevant variables are used at least once v X v
linear variables are used exactly once v X X
ordered variables are used exactly once X X X

and in their introduction order

Can you think of possible scenarios for other combintations, e.g., only weakening or only contraction?



Substructural Typing

Example (Abstract Type file and Its Interface)

val open : string — file option
val read : file — string * file
val append : file * string — file
val write : file * string — file
val close : file — unit

What would be the consequences if we treat the type T1ile as a linear type?

Principle

Substructural types are useful for constraining resource use, such as files, locks, and memory.



Linear Types

Remark

A linear type system allows Exchange but forbids Weakening and Contraction.
Syntax

ti=x|AxT.t|tt|true|false|iftthentelset|0|succt|iszerot T:=T — T|Bool]|Nat
vi=AxT.t|true|false|0|succv Fe=@|Mx:T

How to formulate the typing relation to enforce linearity, i.e., “variables are used exactly once™



Linear Types

Principle

The typing relation maintains the invariant that variables are used exactly once along every control-flow path.

I8t T: “term t has type T in context I with linear typing”

Let us implicitly assume Exchange by treating T" as an unordered list.

x:THE%x:T @ " true: Bool @ -+ false : Bool
I, :Nat I8, :Nat
— T-Zero 7 T-Succ s T-IsZero
@ 0:Nat I'~* succe tq : Nat I'~*iszero t; : Bool

Mttt :Bool  E T L T
I, T e T'ft] thent, elset;: T

T-If



Linear Types

I8t T: “term t has type T in context T with linear typing”

Tox:TiF T MESt c Ty =T Lty T
! 1 2:12 L 1 1t T 212 2 2: Ty T-App
T AT t: Ty = T I, ottt T2
Example
TVar ———————— T,
f:Nat — Nat — TH'f:Nat » Nat » T o x:Nat ¢ x : Nat T—A?:)rp T-Var
f:Nat — Nat — T,x:NatF¢ fx:Nat - T y:Nat Ffy: Nat T-App

f:Nat — Nat — T,x:Nat,y:Nat -8 (Fx)y:T

LetI'be f : Nat — Nat — T,x: Nat,y : Nat. Canwederive "' F¢ (fx) 0: T, ¢ (fx) x : T?



Operational Semantics

How to justify if the typing relation maintains linearity?

Remark

We need an operational semantics that can keep track of how variables are used.
Recall that for references, we introduced stores to keep track of how locations are used.
L & dom(u) p(l) =v

E-RefV ———— E-Derefloc
refvip—1](uwl—=v) Njp—v|p

Fine-Grained Operational Semantics

Let us introduce value stores by V := & | V, x — v and evaluation relationsast | V — t’ | V.

V(x) =v . y & dom(V)

x|V—v]|(V\x) AxTyr.t12) v2 |V — [x = ylti2 [ (V,y = v2)

E-AppAbs




Operational Semantics

t|V —t/| V' “term t with value store V one-step evaluates to term t’ with value store V"

t | V—t] |V | V—ty |V
7 5 E-Appt
t]t2|V—>t1t2|V

E-App2
V]t2|V—>V1’[£|V/ b

t | V—t] |V

. A E-If

ift; thent, elsets | V — ift] thent, elsets |V’
. E-IfTrue . E-Iffalse
iftrue thent, elset; |V —1t, |V if falsethent, elset; |V —t3 |V

t |V —t) |V t | V—t] |V
7 5 E-Succ . - 7 ; E-lszero
succty |V — succt; |V iszeroty |V — iszerot; |V
E-IszeroZero E-IszeroSucc

iszero® |V — true |V iszero succ vy |V — false |V



Operational Semantics

Example

(Af.£5) (Ax. Ay.x+y) 2) | 0 — (Af.£5) (Ay.z1 +y) | (z1 — 2)

— 235 (21— 2,2 = MNy.z1 +y)

— My.z1 +y) 5| (z1 = 2)
— z1+2z3 | (21 = 2,23 — 5)
— 24231 (z3 = 5)

— 245|090 —7|0

Example

(M. x+x)2|@ — 21 +21 | (21 = 2)
— 2421 |9 />




Soundness

V : T: “value store V confroms with typing context I

Vi, ) NEvT
—— T-Empty T-Extend
> (Vix—=v):(I2,x:T)

For example, we can have (z1 — 2,22 — Ay.z7 +vy) : (zz : Nat — Nat).

Theorem (Soundness)

Progress IFV:TandTH¢t: T thent|V — t’ | V/ortisavalue.
Preservation IFV:T, T ¢ t:T,andt |V — t/ | V/ . thenV/: T and T/ FE ¢/ : T,

Corollary (Linearity)

Forft: T, T =BoolorT =Nat,andt| @ —* v | V' then V' = 2.




Proof of Preservation (Sketch)

Proof: Induction on the Derivationof t | V — t’ | V/

E-Var Havex |V — V(x) | (VAx),x:TH x:T,and V: (x : T).
Inversionon V : (x : T). Have (V\ x) : Ty and Ty F¢ V(x) : T.
Conclude by setting " £ .

E—AppAbS Have (Ax:Ty1.t12) va |V — [x = ylti2 | (V,y = v2), T e (Ax:T77.t12)v2 : Tio,and Vi T

Inversionon ' H (Ax:T17.t72) v2 : Tqy2. Have T' =TIy, T such that
F1 |_(€ }\X:Tﬂ-tll :T” —>T12andl“z |_€ \%%) :Tn.
Inversion on Ty e Ax:Ty1.t12 : T11 — Ty2. Have Ty, x : Tqq ¢ t12: Tqo.
Apply substitution. Have Ty, y : Ty1 F¢ [x — ylty2 : Ty,
Apply T-Extend to V' : (7, T2). Have (V,y — v2) : (T7,y : Tq11).

Conclude by setting " & (Iy, y : Tyq).

Lemma (Substitution)
IFry, x:TH ty :Tyand Ty Fey i T then Ty, T 8 [x = ylty = Ty



Algorithmic Typing

I8t T: “term t has type T in context I with linear typing”

IMx:Th Fetlez T-Ab I th]:T]1~>T1z rzl—ztziTn
-RADS
FEOAXT 4T = T MM E bt Tio

Although all rules are syntax-directed, some of them (e.g., T-App] require “guessing” how to split a context.

Principle

Rather than trying to split the context, the algorithmic typing can pass the entire context as an input and return the
unused portion as the remainder context, i.e., the algorithmic typing relation takes the form Ty, 4t : T; Tout.



Algorithmic Typing

Min FY t: T; Toug: “given context iy, term t has type T with remainder context Ty,

r ¢t : Nat;
——— = AVar o A-Zero - A-Succ
IFx:THE %:T; '+t 0:Nat; Iy =* succe ty : Nat;
I ¢ t7 : Bool; I Rt ty: T; I ¢ t3:T; A
I Y ift; thenty elsets : T;
Moxe Ty Fog Ty, Mty T = T Mty Ty
1 1 : 2: 12 A-Abs 1 1: 0 812 2 2: I A-App
M E ATt Ty — Ty It tz: T,

Theorem (Correctness)

Soundness IFTFE t:T: @, thenT H¢ ¢ : T.
Completeness IFTF¢ t: T, thenT H¢ t: T; @.



Affine Types

Remark

An affine type system allows Exchange and Weakening but forbids Contraction.
That is, it allows variables to be used at most once.

I t:T: “term t has type T in context T with affine typing”

Fr=4¢:T
(all rules for linear types) —————T-Weak

Fix1 TG F*¢: T

Example

& A — o 1L
FiNat S Nat > TrofNat SNat > T " x:Natrox:Nat LX?):) 2% 0:Nat Te—r\/oJeak
f:Nat - Nat - T,x:Nat -2 fx:Nat - T y:Nat 2 0:Nat

T-A
f:Nat — Nat — T,x:Nat,y:Nat - (fx)0: T PR




Syntax-Directed Typing

The structural rule (T-Weak) is not syntax-directed, which may complicate soundness proof.

One can always “push” uses of the weakening rule down to the leaves of the derivation tree.
Thus, we can update the axiom-like rules to allow immediate weakening.

Syntax-Directed Affine Typing

—— — . = T-Var
Fox:THE%: T

———— T-True T-False ———— T-Zero
2 true: Bool I'F¢ false: Bool IF20:Nat



Relevant Types

Remark

A relevant type system allows Exchange and Contraction but forbids Weakening.
That is, it allows variables to be used at least once.

I'E"t:T: “term t has type T in context I" with relevant typing”

Foxp:Ti,xg T ETE: T
(all rules for linear types) 2o D T-Contract
Toxy:Tp B Ixg = xpllxs = xqJt: T

Example

FNat = Nat > T 7 f:Nat = Nat > T " y:Nat " y: Nat cs
T-App  ——————— T-Var

f:Nat — Nat — T,y:Nat+"fy:Nat > T z:Nat " z: Nat TA
f:Nat — Nat — T,y :Nat,z:Nat =" (fy)z: T PP
f:Nat - Nat — T,x:Nat " (fx)x:T

T-Contract



Syntax-Directed Typing

The structural rule (T-Contract) is not syntax-directed, which may complicate soundness proof.

We can avoid the explicit substitution by “duplicate” variables in the cases that need to split the context.
That is, when splitting T" into 'y, T, we allow them to overlap.

IY (I7; T,): “context ' can be splitinto Ty and I, with overlapping allowed”

Y ;1) ryY (Ih;12) ry (M;r2)
oY (9, 2) Fox:TY (Th,x:T;Ty) Fox:TY (Ty;T9,x:T) Fox:TY (Th,x:T;Ty,x:T)




Syntax-Directed Typing

Syntax-Directed Relevant Typing

ry ;) I =" t7 : Bool HEt:T K t3:T
F'E"ift; thenty elsets: T

T-If

Y (I;T2) M FE t T = T2 I Mty Ty
rer t tz:T]z

T-App

Example

Let T % (f: Nat — Nat — T,x:Nat), Iy & (f: Nat — Nat — T,x:Nat). Iy7 & (f: Nat — Nat — T),

Mo (x:Nat),and T & (x: Nat)

I Y ( F” I>2) F11Hf:Nat—>Nat—>T F12Hx:Nat
ry ;) e fx:Nat—>T I F" x: Nat
MY (fx)x: T




Syntax-Directed Typing
Another Approach for Syntax-Directed Relevant Typing

We can also augment the language with a new term to explicitly “duplicate” a program variable.

tu=...|sharet; asxq, x> inty

MmEt:T oxp T T E t: o
I, T " sharet; asxy, x> inty: T

T-Share

Y1,z & dom(V)

- E-ShareV
share viasxy,xo inty | V— [ i—)y]][XZ i—)yz]tz | (V,y] = V1,Y2 — V1)
Example
TV y:Nat " y:Nat U=t z:Nat " z: Nat (R
x:Nat " x:Nat %" y:Nat,z:Nat " y+z: Nat
T-Share

x:Nat +" sharexasy,ziny+z:Nat




LFPL: A Linearly-Typed Functional Programming Language @

Let us augment the linearly-typed lambda calculus with useful extensions such as pairs and lists.

Syntax

to=x|AxTy. 1y |ty to | true| false | if t; thent, else t3 | {t1,t2} | let {X],Xz} =t;1inty
| nil[Ty] | cons[Ty] t; tp | iter t; withnil = t;, | cons(x,_) of y = t3
Ti=T1 - T, | Bool | Ty x Ty | List Ty

Linear Typing for Pairs
et T HEt: Ty et Ty xTh2 rz,X]ZTH,XZZT]thz:TzTLtP
-Pair g -Le
r],rz}—{h,tz}.T] x Ty F],le—let{x1,x2}:t1 int, : T,

Instead of letp, can we use st and snd as elimination forms?



LFPL: A Linearly-Typed Functional Programming Language @

Linear Typing for Lists
MEt:T bty :ListT
, . T-Nil ] L 22 . ! T-Cons
@ Fnil[T]:List Ty I, 15 Fcons[Ty] t1 tp: List Ty
I =ty :List Ty, HEt: x:Ti1,y:SkH1t3:

M, Fitery ty withnil=t; | cons(x,_) ofy = t3:

Why does the third premise of (T-IterL) allow only x and y in the context?

Recall that substructural typing constrains resource use.
The third premise stands for the iteration case, which can be executed for multiple times.



LFPL: A Linearly-Typed Functional Programming Language (7

Example

append: List T — List T — List T
append = Aly : List T. Al, : List T.
iter, 1y withnil=1,

| cons(x,_) of y = cons[T] x y

reverse: List T — List T
reverse = Al: List T.
(iter, twithnil= (Aa:List T.a)
| cons(x,_) of y = (Aa:List T.y (cons[T] x a)))
nil[T]



LFPL: A Linearly-Typed Functional Programming Language @

Structural Rules

|t is reasonable to allow Weakening; as well as Contraction for “copyable” types.

Fret:T Fxo:Ty,x3:TiHt:T Ty copyable
—————— T-Weak
Fxy:THEt:T

T-Contract
Foxy:Tq B o= xqllxz = xq]t: T

T; copyable T, copyable
(T; x T,) copyable

Bool copyable

Example

append?: List Bool — List Bool — List Bool
append? = Aly : List Bool. Al : List Bool.
iter, Ly withnil=1,

| cons(x,_) of y = cons[Bool] x (cons[Bool] x y)



Non-Size-Increasing Functions

Let us become more expicit about “resource.” such as memory.
In LFPL, the only data structure that consumes memory is cons[T;] tq t5.
Can we extend the type system to explicitly account for such memory consumption?

The Diamond Type
Let us introduce a type ¢ (called diamond), whose inhabitants are memory cells that hold cons-constructors.

tz=...|nil[T] | cons[Ty] t4 ty to | iter, t; withnil= t, | cons(x4,x,_) of y = t3

FagbEtg: 0 MEt: T Ity :List Ty
I, T1, Ty Feons[Tq] tg ty to: List T

T-Cons

r]l—t]:L'iStT]] HhEty:S xqa:0,x:Ty1,y:SkHt3:S
Iy, T Fitery ty withnil =t | cons(xg,x,_) of y =t3:S

T-lterL



Non-Size-Increasing Functions

Example

append: List T — List T — ListT
append = Aly : List T. Al, : List T.
iter, Ly withnil=1,

| cons(xg,x,-) of y = cons[T] x4 x y

failed-append? : List Bool — List Bool — List Bool
failed-append? = Al; : List Bool. Al, : List Bool.
iter, Ly withnil=1,
| cons(xq,x,_) of y = cons[Bool] x4 x (cons[Bool] x4 x y)

The diamond type ¢ is not copyable. Any workaround?



Non-Size-Increasing Functions

Example

append2: List (Bool x ¢) — List Bool — List Bool
append2 = Aly : List (Bool x ¢). Al : List Bool.
iter, 1y withnil=1,
| cons(xgq.1,%,_) of y =
letp {z,xq 2} =x1n
cons[Bool] x4 7 z (cons[Bool] x4 > z y)

Implement a function triple : List Bool — List Bool that essentially concatenates three copies of its input.
You will need to update the type to insert ¢ accordingly.



Non-Size-Increasing Functions

LFPL with the diamond type ¢ captures non-size-increasing computation, where an instance of ¢ has size one.
For append: List T — List T — List T, we have |append1; 15| < L1 +L3].
For append?: List (Bool x ¢) — List Bool — List Bool, we also have |append21; 15| < (L] + [1o].

Let us define an interpretation [ T] of types and then the size Function s1(v).
Let us introduce a distinguished value ¢ fro the diamond type ¢.

[Bool] = {true, false} SBool (V) =
[O] ={#} so(#) =
[T x T2] = [T1] x [T2] 5T xT, ((v1,v2)) = s, (V1) + 57, (v2)
[List ] ={v1,..., val [vi € [T1]} spist 1, (V1. .-, vnl) =n+ 3 iy s (vi)
[T = T2] = [1] = [T2] ST, T, (f) = minfc | W € [T1]. s1,(f(v)) < c +s1,(v)}

Afunction f € [Ty — T,] is said to be non-size-increasing if st, T, (f) = 0.



Non-Size-Increasing Functions

Theorem

If g Fv:T, thenst([v]) = 0, where [v] encodes a denotational interpretation of v.

We can define binary numbers using lists of Booleans:

0 =nil[Bool] 2n+1=cons[Bool] ¢ false fi 2(n+1) = cons[Bool] ¢ true &
Theorem
We say that a function h : IN* — IN is definable in LFPL if there exists a term t : List Bool — ... — List Bool
suchthattny ... nx —* h(nq,..., ng) forallng,..., Ny

A function h : IN® — N is definable in LFPL if and only if hisin FP and [h(n1, ..., n )l < Z]f:] nyl.
Remark

Ref: M. Hofmann. 1999. Linear types and non-size-increasing polynomial time computation. In Logic in Computer
Science (LICS'99), 464-473. doi: 10.1109/LICS.1999.782641.


https://doi.org/10.1109/LICS.1999.782641

Other Extensions: References

Suppose that we store a linear resource in a reference. Can we perform arbitrary dereferences or assignments?

Syntax and Typing
ti=...|reft; |ty |swapt; ty T:=...|RefT
Nt T Ity :RefT Ity :RefT HEty:T
L T-Ref ERERLER AL ;WY ! ! 1 2" 20 T-Swap
FFFE'F’HZRE'FT] M=ty : T I'1, T2 - swap tq tz:RE‘FTHXTH

Operational Semantics

Let us allow value stores V to support both variables and locations.
& dom(V) V() =v V() = v
refv|V—¢](V,(—v) |V—v|(V\( swap {vy |V — {,vi}| (VN L vy)




Other Extensions: Arrays

Can you follow the approach for supporting references to arrays?

Syntax and Typing
ti=...|array(ty,..., tn) | free t; with x. t, | swap tq[ty] t3 T:=...|Array T
NEt:T; (forT<ign) IEtq:Array Tqq x:T17 F 1y :Unit
T-Array - - -Free
I,....,MhFarray(ty,...,tn) :Array Ty I free t; with x. t; : Unit

F1I—t1:ArrayTn I+t : Nat I3 Ft3:Ty,
I, T2, T3 = swap ty[ty] t3: Array Ty x T1q

T-ArraySwap

Formulate the operational semantics for arrays.



Other Extensions: Reference Counting

In LFPL, data structures only have two modes: (i) copyable, or (i) linear.
Can you think of mechanisms to support some modes between the two ends of the spectrum?

Principle

Reference counting is a dynamic technique that allows any number of pointers to an object and keeps track of that
number dynamically. When the reference count gets zero, the object is deallocated automatically.

Syntax

t:=...|reft;|inct; |dect; withx. t; |swapt; to T:=...|RcTh
R.C.increment inc t evaluates t to a pointer, increments the ref count, and returns two copies of the pointer.

R.C.decrement dec t; with x. t; evaluates t; to a pointer, decrements the ref count, and apply Ax. t; to the
object if ref count gets zero.



Other Extensions: Reference Counting

Operational Semantics

L & dom(V) V({£) = (v, k)
E-RefV - E-IncLoc
refvi |[V—¢|(V,0— (v,1)) inct|V— {6} (VN L= (v,k+1))

V) =,k k>T

: . E-DecNonZero
dec fwithx.t; |V —unit| (V\( L (v,k—1))

V) =1  yédom(V)

= E-DecZero
decfwithx. to2 |V — [x—ylta | (V\ Ly — V)

V() = (v, %)
swap Lvy |V — {6, vi} | (V\{ L (v2,k))

E-Swap



Other Extensions: Reference Counting

Typing
'Et1:Th 'ty :Re Ty,
T-Ref . T-Inc
I'reft;:ReTy I'1inct; :Re T; x Re Ty
'ty :Re Ty, x:Ty1 F 1ty :Unit It =1t :Re Tqq HEty: T
- : T-Dec T-Swap
I'kdec ty withx. t, : Unit I, T swap ty tp :Re Ty x Tqq

Are any of Ref, Array, or Re types copyable?

Try to prove the soundness of LFPL with reference counting.
What invariants should the operational semantics maintain?




Resource Bounds with LFPL

Remark

Recall that LFPL with the diamond type ¢ captures non-size-increasing computation.

double : List (Bool x ¢)) — List Bool
double = AL : List (Bool x ¢).
iter, Lwith nil = nil[Bool]
| cons(xq.1,%,_) of y =
letp {z,xq 2} =x in cons[Bool] x4 1 z (cons[Bool] x4 > zy)

The diamonds in the input (i.e., the size of the input] are an upper bound on the number of cons-operations.
Can we adapt the type system to derive upper bounds on other kinds of resource?

Principle

We can separate diamonds from lists and add a new term t i ck that consumes one diamond.




Resource Bounds with LFPL

Principle
A tick then stands for one units of resource use!
MEt: 0 NHEt: T . MEt: T rthziL'iSt—ﬁ
- T-Tick - T-Cons
I, Etick(ty);t2: Th I, T Fcons[Ty] t1 ty : List T

I+t :List Ty HEt:S x:Ty1,y:SkHt3:S
I, -iterg ty withnil=+t, |cons(x,_)ofy=t3:S

T-lterL

Example

Let us derive a bound on the number of constructors used by an inefficient identity function.

id: List (0 x Bool) — ¢ — List Bool
id=Al:List (¢ x Bool). Ad; : 0.
iter twith nil = tick(d;);nil[Bool]
| cons(x,_) of y = letp {d,,z} =x in tick(d,); cons[Bool] z y




Resource Bounds with LFPL

Thetype id: List (¢ x Bool) — ¢ — List Bool indicates a resource bound of id(¢) to be |¢] + 1.
However, there are a few restrictions that make LFPL inconvenient to use:

e The linear nature prevents using some variables multiple times (even with contraction for copyable types).
e The diamonds “pollute” the code and we have to manage which diamond to pay for a tick.
Any workaround?

Principle (Type-Level Resource-Bound Analysis)
We can remove diamonds from terms and only keep track of them in the types.

Ref: M. Hofmann and S. Jost. 2003. Static Prediction of Heap Space Usage for First-Order Functional Programs. In
Princ. of Prog. Lang. (POPL'03),185-197. doi: 10.1145/604131.604148.

Ref: J. Hoffmann and S. Jost. 2022. Two Decades of Automatic Amortized Resource Analysis. Math. Struct. Comp.
Sci, 32,729-758, B. doi: 10.1017/56960129521000487.


https://doi.org/10.1145/604131.604148
https://doi.org/10.1017/S0960129521000487

Type-Level Linear-Resource-Bound Analysis

Remark

The “linear” in “linear-resource-bound” means the bounds are analytically linear functions of the input sizes.

Syntax

tz=x|funfx. to|t;t |unit|{t;,t2} | let {x7.x2} =t; int,
| nil|const;t,|case, t; of nil = t, | cons(xy,x2) = t3|letx =1t;int,
| tickq (qe@) | sharet;asxj,xz int,

Resource-Aware Types

We define types and resource-aware types as follows:

T:=A —=B|Unit|T; xT, |List A
A, B:=T9 (qeQsp)



Resource-Aware Types and Potentials

Principle (The Potential Method for Amortized Complexity Analysis)

Consider a transition system (S, —, so), where so € Siis the initial stateand — C S x S x Q is the
resource-aware transition relation.

Themap @ : S — O is said to be a potential function if for any s 9, s/ it holds that @(s) > q+o(s’).
Then forany po > @ (s, ) and transition sequence s —5 s7 25 ... % it holds that

Po— > 1" i = O(sn),ie, O(sp) is an upper bound on the resource use of the transition system.

Type-Defined Potential Functions: @t : [T] — Qo

[T9] = [T] Orq(v) = D7(v)+q
[Unit] = {unit} Oynit(Unit) =
[Tr x T2] =[] x [T2] O, %1, ({v1,v2)) = (DT1 vi)+ O, (v2)
[List A] ={vy,..., val | vi € [A]} Dpist allvr, ..., vnl) =
)=

ZIL 1@aA(vi)
[A = B] =[A] — [B] ®ap(f) =0



Resource-Aware Types and Potentials

Example

id: (List Unit?)" — (List Unit%)°
id=fun f 1. case, Lwithnil = let _=tick 1 innil
| cons(h,t) = let _=tick 2incons h (ft)
The potential function @ 55t 14 (V1 ..., vl =Y 1 Ora(vi) =q-n+ > 1t O1(wy).
¢
Thus, @ 1 unie2) (0 = @ige gniez (0 +1 =210+ XLy Dyig(.) +1=2-10+1.
Thatis, 2 - [¢| + 1 is an upper bound on the amount of ticks of executing id(¢).

Example

A function can have more than one resource-aware types. Such a property is useful when composing functions.
id: (List Unit")" — (List Unit")°
id: (List Unit")® — (List Unit?)°
id: (List Unit")® — (List Unit®)°



Resource-Aware Typing

I q = t:A: “term t has resource-aware type A under context I" and potential q (q € Q)"
The typing context Tis definedas T := @ | T, x : T.

- TVar  TUnt P=qFr
x:T,qkFx:TH @; q Funit: Unit? @;p Ftick q:Unit

T-Tick

rﬁ%"’iﬂﬂj‘ T qo bty (Tig x Ty2) 9

Mgty T2 M,x1:T1,%2:T12;01 Ft T A

2: 91 21y T_Pair 2:X1 2, x2 0 2 g z T_LetP
F1,F2;qol—1et{x1,x2}:t1 it : A

T, T2; g0 F{ty, t2} : (T x T2)92

r1;qu’c1:T1q1 Myx:Ty;q1 Fta A

F1,F2;qol—1etx:t1 inty : A

T-Let



Resource-Aware Typing

I q = t:A: “term t has resource-aware type A under context I" and potential q (q € Q)"

How to handle lists?
q)L‘iSt TP (ml) =0
D it Tr(CONS V) V) = O1p (V1) + Dpist 70 (V2)
=p+ Or(v1)+ Dpist 1r (v2)

TNl 15 g0 -ty :T]q1 g1t (L'ISt Tr)qzer
=INI

- n T-Cons
@;qFnil: (List A)9 I, T2;qo b cons ty ty: (List 1792

F1;q0|—t1:(L'istT1"1)“‘ g HttA rz,X]:T”,Xz:l_'iStT]p];q]erl—t_?,:A

3 T-CaselL
I, T2;qo - case. t; of nil = t; | cons(xq,x2) = t3: A




Resource-Aware Typing

I, q = t:A: “term t has resource-aware type A under context I" and potential q (q € Q)"
How to handle functions?

LT = T2, % Tyiqr a2 Ty
1 2 x5 gy 27 5 -
Mpkfunfx to: (T — T,2)°

Miqottr: (T4 = TH2) 9 Mgy bty c THHT

T-A
I, 12590 F t tz:Tflzlerr PP

Is the rule (T-Fun?) sound?

let z = cons unit (cons unit nil) in z:List Unit?;2
let f = fun f x. (case, x of nil = unit

|cons(_ t) = let _=id(z) in ft) in f:(List Unit')° — (List Unit®)?:2
f (cons unit (cons unit nil))



Resource-Aware Typing

Because fun f x. t, defines a recursive function, the rule below might use the resources in T for multiple times.
M = T2 x:Tqr Htg: T2
Tipkfunfx to: (T = T,)2)P

T-Fun-Unsound

How about the rule below?
T T2 T g F i T,
g;pkfunfx ty: (T, = T,)2)P
It is sound, but might be too restrictive as it requires every function to be a closed term.

T-Fun-Attempt

One Workaround
We can require T to carry zero units of potenial in (T-Fun),ie, " = [I'].

A Bl=A—B Unit| = Unit Ty X Tal = [Ty| x [To] IList TP| = List |T|°



Resource-Aware Typing

I'; gk t:A: “term t has resource-aware type A under context I" and potential q (g € Q)"

How to handle contraction via the share terms?

r1;qut]ZT]m M,x1:Ty,x2: Ty g1 Ftat A
. T-Share?
I,T2;qo - sharet; asxq,xx inty: A
s the rule (T-Share?) sound?
let z = cons unit (cons unit nil) in z:List Unit?;2

share z as x7,x, in

x7: List Un‘itz,xz - List Unit?;2
{id(x1), id(x>)}



Resource-Aware Typing

Because Ty can carry non-zero units of potential, the contraction in the rule below is unsound.
r];qol—t]Zqu] yx1:Ty,xp Ty Ftat A
I, T2 qo Fsharet; asxy,x inty : A

T-Share-Unsound

To make the rule sound, we need a notion of splitting up the potential in a type.
TY (Tq, Tp): “T can be splitinto T; and T, and T's potential is the sum of Ty'sand T,'s”

Thatis, if T (T, T), then @1 (v) = @, (v) + O, (v).
T Y (Th1, Th2) T2 Y (T21, T22)

A—-BY(A—B,A—B) Unit 'y (Unit, Unit) Ty xTo Y (Ty1 X Ta1, Ti2 x Taz)

TY (T7,T2) q=4q1+4q2
List T9Y (List T;", List T,?)




Resource-Aware Typing

I q = t:A: “term t has resource-aware type A under context I' and potential q (q € Q)"

Migotty: Ty T1 Y (T1, Th2) I2,%x1 :Tg,%2 : Tizi g th:AT-Share
I, T2:q0 F share t; asxy,x2 inty : A
Example
We have List Unit” Y (List Unit?, List Unit?).
let z = cons unit (cons unit nil) in z:List Unit*;2
share z as x7, x> in x7 : List Un‘itz,xz:L‘iSt Unit?;2

{id(x1), id(x2)}

Extend Y to context-level, ie, TY (Ty, T2). Use Y to reformulate the relation T' = |T'|.



Resource-Aware Typing

I, q = t:A: “term t has resource-aware type A under context I" and potential q (q € Q)"
How about weakening?
MqFt:A
Fixp:Ty;q+rHEEA

T-Weak

Any more structural rules?

@;0F tick —2: Unit?
_:Unit,_: List Unit® 0+ tick —2: Unit?
@;0F case, nilof nil = tick —1|cons(_,_) = tick —2:7???

@;0F nil: (List Unit®)° ;0 F tick —1:Unit’




Resource-Aware Typing

Because a value can have multiple types, e.g. Unit' and Unit? for a unit, we need to some form of subtyping.

Which direction is sound for resource-bound analysis? Unit' <: Unit? or Unit? <: Unit'?

Ty <: Tp: Ty is a subtype of T, in the sense that Ty's potential is not less than T;'s”

Ay < Aq B; <: B> Ty < Ty Ty < T2 Al <Ay
A1 =B <A, > B Unit <: Unit Ti1 xTi2 < Ty x Too List A; <:List A,

T < Ty q1 = q2
T]q‘ <:T2qz




Resource-Aware Typing

I'; gk t:A: “term t has resource-aware type A under context I" and potential g (g € Q)"

MqkEt:A A<:B

T-Sub
MqkFt:B

Example

Because Unit? <: Unit', we obtain the following derivation.

@;0F tick —2: Unit?
_:Unit,_: List Un1't°;0|—t1'ck —2: Unit?
@;0F nil: (List Unit®)° @0+ tick —1:Unit’ _:Unit,_: List Unit% 0 F tick —2: Unit'
20 F case, nilof nil = tick —1|cons(_,_) = tick —2: Unit'

T-Sub




Design Principles of
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Key Takeaways

Principle

e The uses of type systems go far beyond their role in detecting errors.
e Type systems offer crucial support for programming: abstraction, safety, efficiency, ...
e Language design shall go hand-in-hand with type-system design.

Aw: Type Operators ‘ ’ AP: Dependent Types ‘

N\ /

’ System F: Polymorphism }(—{ A_,: Simply-Typed Lambda Calculus }—){ Extensions: Tuples, Sums, Lists, ... ‘

’ Ap: Recursive Types ‘ A—.: Subtyping ’ Effects: References, Exceptions, ... ‘




